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Part A
‘ I. Answer any Eight questicns. Each question carries 1 weight {8x1=8}
1. Prove that every convergent sequence in a normed space is bounded.
2. iftwo norms [l and Il. "0 on a vector space are equivalent, show that “Xn - X" =0 = ”Xn - X”O -0
and viceversa.
3. If T: X =Y is continuous and Mc X is compact. Prove that T{M) is compact.

4. Letfbe a linear functional on n- dimensional vector space X. Find the dimension of N(f).
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In a real inner product space X, prove that <x,y > = E (IIx +yl|2 +[x- yﬂz) .

8. Define orthogonal complement of a Hilbert space H. Prove that Y+ is a closed subspace of H.

7. Let X be an inner product space and McX. Prove that M is total in X implies M+ = {0}. [s the converse true?
Justify.

8. Show thatif T is a bounded seif adjeint linear operator on a Hilbert space H so is T, where n is a positive
integer.

8. If pq and pp are sulinear functicnals on vector space X and ¢4 and ¢ are posilive constanis. Show that p = ¢4

p1+ G2 ps is sublinear.

10. Prove that

@) (S+TPr=8%+TX (0} Y (@TY*=aT*, ¥ S,T € B(XY)
Part B
Hl. Answer any Six questicns. Each question carries 2 weight (6x2=12)

11. Prove that any norm is equivalent to any other norm on a finite dimensional vector space.

12. Define a bounded linear operator. Also define ITll and prove that ITH satisfies all the conditicns of norm.

~

13. Give an example of a normed space which is not an inner product space.
14. a) if in an inner product space X,— X and y,— v, prove that <x, Yn>— <X, y> b) Let T: X— X be a bounded
linear operator in a complex inner product space Xif<Tx, x> =0 V¥V xe X, show that T = 0.

15. Let X be an inner product space and M be a complete subspace of X. Prove that for a fixed x in X there exist
y in M such that Zz = (A—y)_I_M

18. Let X and Y be inner product spaces and Q: X — Y a bounded linear operator. Then prove that

Q=0
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(b} Q: X — X, where X is complex and < Qx, x> = 0 for all x € X then Q = 0.

17. Let X be a normed space and xg be any non zero element of X. Prove that thers exists a bounded linear

functional £ on X such that ”f“ = -”—Xj—q- and }(XO) =1.
Oy



18. If a normed space X is reflexive then prove that X' is also reflexive.

PartC
Hl. Answer any Two questions. Each question carries § weight (2x5=10)
19. Prove that every finite dimensional subspace of a normed space is complete.

20. a) Define dual space of a normed space

b) Prove that dual space of I is 1.

21. a) Explain Gram-Schmidt process of orthonormalisation. b} Orthonormalise 15t three terms of the

sequence{Xg,X1,X2....} where x(j) = ti on the interval [-1, 1] with respect to the inner product given by

<x,y>= f 1 x(Oy(Hdt.
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22. State and prove Hahn Banach theorem for complex vector spaces.



