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I. Answer any Eight questions. Each question carries 1 weight (8x1=8)

1.
=g =1 i
Consider the level set f ( 1)' f (9) and f (1) for
Fly, x5, %3, o Xni1) = 02 + X% F % - xﬂﬂz, n =1, 2. Find which points ‘p’ of
these level sets fail to have tangent spaces equal to (Vf (P))

Sketch the level set for n = 0,1,2 for the function f (xl,xz, e Xnt1) = Xp4q, € = -1,0,1,2.

3
X y.be smooth vector fields tangent to S along «, o:/—8 and f be a smooth funchon along «, then
’ ’
Fmmm,()uv) =X +?

Let X and Y be smooth vector fields tangent to S along «, o:/~S and f be a smooth function along «, then

provemat'(x T-Fr Ly W

Fyeir

5 xqaYbesmooﬂutangantvecbrﬁeldsonSandf'S—»R'sasmoommncﬁononsmenpmvemat
D;(fX) =V X+ f(@).D X

Deﬁne Directiona derivative and Co-vanantderivativeoffwith respect to '

Letxandrbesmoomvechorﬁeldson U (oron S)thenprovethatv.a'(‘f * Yj v’x + v"’

(i) Define principle curvature of S at p. (ii) Define principle curvature directions of S at p.

Find the normal curvature k(v) for each tangent direction v, the principal curvatures and principal curvature
directions, and the Gauss- Kronecker and mean curvatures at the given point p of the given n-surface
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B e e
f(xy,x3, ., Xp4q) = € oriented by IV £l where

xlz + (4 xzz * 132 T 2)2 = 1,p = (0,3,0).

10. Define

d
i. The image of 'pl’
ii. The tangent space of ¥ at p.

Part B

Il. Answer any Six questions. Each question carries 2 weight (6x2=12)



1n. ac—b* >0

Let a, b, ce R be such that * Show that the maximum and minimum values of the function

1 1
ot 2 2 2 2 o = 5
g9(x1,x3) = %"+ x; on the ellipse #*1 +2bxyx; + cxp" =1 are of the form 41 and 42

where A and 4 are the Eigen values of the matrix
12. Define (i) Tangent vector field on S. (i) Normal vector field on S
13. Give an example of a parameterized curve having constant speed but it is not a geodesic.
14. State and prove any 3 properties of Levi - Civita Parallel.
15. Let g:/—R be a smooth function and let C denote the graph of g. Show that the curvature of C at the point (t, g(t))

g"@®
’ / (1+g'®?)72

16. Prove that for each 1-form w on U open in IR"*" there existe unique functions f:U — K. i=1,2,... ,n+1 . such
n+1

w = f,‘_ d:lli
that i=1

, for an appropriate choice of orientation.

.Also prove that w is smooth if and only if each f; is smooth.

17. Show that the mean curvature at a point p of an oriented n-surface S can be computed from the values of normal

H(p) = - T, k().

18. prove that on each component oriented n-surface S in R"™1 there exists a point p such that the second
fundamental form at p is definite.

curvature on any orthonormal basis {171, i vﬂ} for {p by the formula

PartC

iil. Answer any Two questions. Each question carries 5 weight (2x5=10)

19 X

" State and prove the existence and uniqueness for maximal integral curve on a smooth vector field * .

20. . LS i ()
Prove that, Let S be a compact connected oriented n-surface in R™" exhibited as a level set ofa

. put+l
smooth function f :R - R with Vf (P) # 0V p € S. then gauss map maps S onto the unit sphere
S
21. Compute the Weingarten map for
i. The Hyper plane,
ayXy + @3X5 + +* + QpegXnss = b, (@y, a5, .-, @nsy) = (0,,0,0, ... 0).

2 2 _  @adog
i. The circular Cylinder, X2 T %3~ = a°,in R (a = 0).

22.

i. Prove that Let S be a compact connected oriented n-surface in R then the Gauss-Kronecker
curvature K(p) of S at p is non-zero for all peS if and only if the second fundamental form {p of S
at p is definite for all peS.

ii. Prove that on each component oriented n-surface S in R™ there exists a point p such that the
second fundamental form at p is definite.



