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Part &

I Answer any Eight questions. Each question carries 1 weight (8x1=8)

1. Define (i) Finite Extension (i) Algebraic Extension
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Finda basis for - * = over .
Define UFD and PID.

Let R be a commutative ring and let N{ SNz €.....bean ascending chain of ideals N; in R. Prove that N =
L Njis an ideal of R.

f—_.-" = 7 E',-.';
Let LYi-t € i} be the collection of automorphisms of a field E then prove that the set (o, of all

- La e .
aek left fixed by every ™! forms a subfield of E.

i. Define splitting field over F.

{x* =207 -3 {+*_5.24¢
ii. Identify the splitting field of ~ te < and { SR

What is the order of = * GLVZ, iy SN Z)).
When an irreducible polynomial is separable over a field F? Give an exampile.

Define separable extension of F. Give exampla.

0. Define finite normal extension of E.

PartB

Answer any Six questions. Each question carries 2 weight {©x2=12)

1. Prove that the multiplicative group <F* > of non-zerc elements of a finite field F is cyclic.
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3.

- Findabasis for - * = "' over ..

IfDis a PID, prove that every element that is neither 0 nor a unitin D is a preduct of irreducibles.

. Define muitiplicative norm on D. f D is an integral domain with a muttiplicative norm N, orove that N(1) =1
and | N(u) | = 1 for every unit u in D. Furthermore if for every a such that | N(a) | = 1 is & unit in D, prove that
an element 1 in D, with | N(m} | =pforaprime pin Z, is an irreducible of D.

- Prove that the number of field extensions is completely determined by the two fields E and F.
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", Is a splitting field over F if and only if every automorphism of <

Prove that g field E, where *
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leaving F fixed maps E onto itself and thus induces an autormorphism of £ leaving F fixed.

. Prove that if E is a finite extension of F, then { E:F } divides [ E:F 1.

- a) Let K be a finite extension of degree n of a finite field f of p’ elements. Prove that G(K/F) is cyclic of ordar n

and is generated bv' ' whersg e Koo
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Part C

Answer any Two questions. Each question carries 5 weight {(2x5=10)

i. Let E be a simple extension P(&") of a field F, and let & be algebraic over F, Let the degree of
irr(eFy  onz1 E =F(«)

. Then prove that every element JB of 4 can be uniquely expressed in

B = bg+ by & +by o+ by &t o+ by it b

the form where the 1 arein F.
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ii. Construct a field of 9 elements with 1! = =. Also identify the multiplicative inverse of each

elements.
a) Prove that if D is a UFD, prove that D[x] is a UFD.
by If F is a field and x4, x5....... Xp are indeterminates, prove that F[xq, xo....... Xpl is @ UFD.

. = = =13
Let F and F be two algebraic closures of F the prove that F is isomorphic to F under an isomorphism
leaving each element of F fixed.

a) Define perfect field. Prove that every field of characteristic zero is perfect. b) Prove that every finite field is
perfect.



