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PartA

i. Answer any Eight questions. Each question carries 1 weight (8x1=8)

1. LetTeB(X,Y)and (x,) be a sequence in X where X and Y are normed spaces. If zx < =0, Prove that T=n = Ty

2. |fTis a contraction , show that T" is a contraction. .
3. Give an example of a bounded linear operator, which is not closed.
4. Define spectral radius. For any operator Te B(X,X) on a complex Banach space X , show that
i) rg (aT) = lalrg (T) '
i) r (T%) =I5 (T
Show that an eigen space of T is invariant under T.

L . z_l=e+i(c—a)‘j
If || x - ]| <1. Show that x is invertible and T .

7. Define compact linear operator. Prove that if dim X = « then the identity operator I: X—Y is not compact

8. Let T be a compact linear operator on a normed space X then for all A#0, nullspace of TA is finite dimensional

9. Define projection operator. For any projection on a Hilbert space H, prove that < Px,x > = || Px ||2

10. Let S and T be bounded self adjoint linear operator on a complex Hilbert space H. If S 2 0, show that TST 2 0.
PartB

Ii. Answer any Six questions. Each question carries 2 weight ‘ (6x2=12)

11. Prove that strong convergence implies weak convergence. Isv the converse true? Justify your answer.

12. a) Define a closed linear operator. b) State and prove closed graph theorem.

13. Prove that the spectrum of a bounded linear operator T on a complex Banach space X is closed.

-1 _ x 2
14. | ot A be a Banach algebra with identity e , if [[x|| < 1.Prove that e-x is invertible and (€ — )" =€ + 3" &J

S
B s o Tz = L= . «
15 Show that T1"—I™ defined by : i ’ is compact whenever x = ((j)el

16. Prove that totally bounded set are bounded. lllustrate by an example that the converse of this statement is not

true.
17. Let T"H—H be a bounded linear self adjoint operator on a complex Hilbert space H and let
m= inf < Tz z>aendM = sup < Tx.z2> k= sup | <« Tz. x|
hz=1 ne=1 and  d=i=1 -Prove that [[T|| = k.

18. et T be a bounded self adjoint linear operator on a complex Hilbert space H. Show that T Tis self adjoint and
positive. Also show that spectrum of TTis real.
Part C
Ill. Answer any Two questions. Each question carries 5 weight (2x5=10)

19. a) Define contraction on a metric space. b) Prove that contraction T on a metric space X is continuous. c) Prove
that T has precisely one fixed point where T is a contraction on a complete metric space X.

20. a) The resolvant set of a bounded linear.operator T on a complex Banach space X is locally holomorphic on p(T).
b) If X is a nonempty Banach space and if Te B(X,X) then prove that o(T) # ¢.



21. Let B ba a subset of a metric space X . Prove the following:
a) If B is relatively compact, then B is totally bounded.
b) If B is totally bounded and X is complete, then B is relatively compact.
c) If Bis totally bounded, for every >0, there exists a finite £ -net M,cB .
d) If B is totally bounded, then B is separable. ‘
22. a) Let :H—H be a bounded self adjoint linear operator on a complex Hilbert space H#{0}. Then prove that A €
P(T) if and only if there exists ¢ > 0 such that|| Tx || c||x|| for every xeH.
b) Prove that all spectral values a bounded self adjoint linear operator on a complex Hilbert space are real.




