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Part A

I. Answer any Eight questions. Each question carries 1 weight

" Sketch the level set for n = 0,1,2 for the function | (X1:X2, -+, Xn+1) = Xn41,€ = —1,0,1,2.

2. Prove that the extreme points of g on S are the Eigen vectors, where

— 2 — - _
g(x1,%2) = axs? + 2bxyxz + x2S = 1), fxy,x0) = x,2 + x,2

3.

X Y be smooth vector fields tangent to S along «, «:/-S and f be a smooth function along «, then
I . [ 4
prove that ( + Y) =X'+7 .
4,
X Y be smooath vector fields tangent to S along «, x:/»Sandfbe a smooth function along «, then
4 r v/
prove that ' (X Y) =Xy + Y.X .
5. (RAVY=D. 7 K
X Y be smooth tangent vector fields on S then prove that ”(X + Y) D VX + D vY

6. Define (i) One-form w on U. (ii) The differential of . (iii) The sum of 2 one norms.

7. n+1 N v ES
Prove that, Let S be an n-surface in R oriented by the unit normal vector field N, let peS and p

then for any parameterized curve «:/—S with & (tO) for some
to €1, & (to).N(p) = L,(9).v

8. Define

i. The image of dl}/p
ii. The tangent space of ¥ at p.

9. Find the normal curvature k(v) for each tangent direction v, the principal curvatures and principal curvature
directions, and the Gauss- Kronecker and mean curvatures at the given point p of the given n-surface
f(xl'xz" ’x”+1) = € oriented by v £l where

2
02+ (Vx? +x2-2) =Lp=(030).
10. Find the normal curvature k(v) for each tangent direction v, the principal curvatures and principal curvature

directions, and the Gauss- Kronecker and mean curvatures at the given point p of the given n-surface

vr
f(xpxz: BXTH'I) = € oriented by vl where

x12 + (3/ Xzz + Jt:’.tz - 2)2 =1Lp= (0:1:0)

Maximum Weight : 30

(8x1=8)



Part B

ll. Answer any Six questions. Each question carries 2 weight

(6x2=12)
1. 2 24 .., 2 2 _
Show that the two orientations on n-sphere X35+ %%+t + Xnt1® = 12 of radius
Yo p A — p
Nl(p)z (pr_) NZ(p)—(p'__)
r>0 given by ™" and re,
12. n+1  pntl
Let SER be a connected n-surface in R » then prove that there exist on 8 exactly 2 smooth unit

vector fields Ny and N, and Ny(p) = —Ni(p)VpESS.

13. Give an example of a parameterized curve having constant speed but it is not g geodesic,

14. V f
Describe the spherical image when n = 1 and 2 of the given n-surface orienteq by Hvr)
2

» Where fis a function

2 2
- defined by the LHS of the given equation, The sphere, X1°+ %%+ -0 4 Xn+1s = 1‘2, r>0.

15.
Suppose X

X(p)VvES,,pES

n+1 S
is a smooth unit vector field on an n-surface S in R ) VX .
— Show that * 74 i perpendicular to

. Show further that if X is a unit tangent vector field on S, then Dfa)? is

perpendicular to X(p)_

16. L .
Prove that the Weingarten map P is self-adjoint.

17. Find the normal curvature k(v) for each tangent direction v, the principal Curvatures ang principal
cu
directions, and the Gauss- Kronecker and mean curvatures at the given point p of the given n-surf rvature
-surface

Vf i\ 2 X2
_ — =)+ (%)% 4+ 22y2 _
f(x1'x2' ""xTH'l) = € oriented by V71 where (:;) (a) + (: =lp= (a, 0,0)

18. n+i
Prove that let S be an oriented n-surface in R ’let pe§, and let {kl (p)' kn (p)} be the princiol
e principle

curvatures of S at p with corresponding orthogonal principal curvature directions {171, Yy, ..., vn}

v E Sp(“‘i’lﬂ — 1) , then the

normal curvature k(v) in the direction is given by

k(v) = Z?-_-l k; (P) (v. vl)z = ?=1 k; (p)coszei, where 0; = cos™1 (v. 1)




PartC

lll. Answer any Two questions. Each question carries 5 weight (2x5=10)

19.

20.

21.

22,

— £-1 n+i
Prove that, Let 5= f (C) be an n-surface in R , where f:U—R is such that

Vf (q) 0V q €S and let X be smooth vector field on U whose restriction to S is a tangent vector field

X (ty) ES to €1

for some then

X
on S. If «:/—U is any integral curve of “~ such that

x(t) ESVLET

State and prove the Existence of a geodesic on the given surface through the given points with given velocity

vector.
Prove that Let C be a connected oriented plane curve and let B:I—C be a unit speed, global parameterization of

C then B is either one-one or periodic. Moreover B is periodic if and only if C is compact.

n+1
i. Prove that Let S be a compact connected oriented n-surface in R , then the Gauss-

Kronecker curvature K(p) of S at p is non-zero for all p€S if and only if the second fundamental

formpofSatpis definite for all p€S.
. . Rn+1
ii. Prove that on each component oriented n-surface S in there exists a point p such that the

second fundamental form at p is definite.



