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Part A

l. Answer any Eight questions. Each question carries 1 weight (8x1=8)

1. Let U be the vector space of all 2 X 3 matrices over the field F. Form a basis for U. What is its dimension?

2. Consider V the set of pairs (x, y) of real numbers and F the field of real numbers. Is V with operations defined by
(%, y) + (x4, y1) = (x+ x4, 0) and c (x, y) = (cx, 0) a vector space?

3. Define a linear functional. Give an example.

4. Suppose V is a finite dimensional vector space over a field F. Show that V and V** are isomorphic.

5. Consider the linear operator T on R? defined by T(xq, X2 ) = (- Xp , X1 ) . Find the matrix of T in the standard
ordered basis of R? .

6. |etAbe an™ X M matrix. Show that det A = det Al, where Al is the transpose of A.

7. Check whether @ and T are odd or even where ¢ and T are permutations of degree 4 defined by &, = 2, 7, = 3,
0,=4,9,=1"=37,=1,73=27%=4Asofind 7T and 77,

8. Define a projection of a vector space V. Prove that any projection E is trivially diagonalizable

9. If Tis a linear operator on V, then show that range of T and the null space of T are also invariant under T.

10. Similar matrices have same minimal polynomial. Explain.

PartB

il. Answer any Six questions. Each question carries 2 weight (632=12)

11. Show that row equivalent matrices have the same row space.

12. Find the coordinate matrix of the vector (1, 0 ,1) in the basis of C3 consisting of vectors
(2i1, 0), (2:‘111): (01+41— i) in that order.

13. If V and W are finite dimensional vector space over a field F, prove that V and W are isomorphic if and only if dim
VvV =dim W.

14. Consider the linear functionals on R* such that f1(X1, X2, X3, Xg) = Xq + 2%p + 2Xg + Xy, (X4, X, X3, Xg) = 2% + X4
and f3(x4, Xy, X3, X4) = -2%4 - 4X3 +3%4. Find the subspace annihilated by these functionals.

15. Prove that an n x n matrix A over a commutative ring with identity, K, is invertible if and only if det A is invertible in
K.

16. For g positive integer n and a field F prove that if  is a permutation of degree n, the function T (X4, o0 X)) = (
Xoy, . X °n) is an invertible linear operator on F".

17. Prove. The minimal polynomial divides the characteristic polynomial for T where T is a linear operator on a finite
dimensional vector space V.

18. Let V be a finite dimensional vector space and let W4 be any subspace of V. Prove that there is a subspace W,

of V such that v = w, @& w,,



Part C

lll. Answer any Two questions. Each question carries 5 weight (2x5=10)

19.

20.

21,

22.

(a) Consider V the set of all pairs (%% ) of real numbers and F the field of real numbers. Define
(x3) + (x0¥0) = (x, + X2, ¥ +¥2) ang €(.¥) = (€x,¥)-15v a vector space?

(b) Show that the vectors ®1=(1, 1,0, 0),%2 = (0, 0, 1, 1), %3 =(1, 0, 0, 4),%2 = (0, 0, 0, 2) form a basis for

R*.Find the coordinates of each of the standard basis vector in the ordered basis (¥1,%2 %3 ®a),

Let V and W be vector spaces such that dim V = n and dim W = m, Show that L (V, W) is a finite dimensional
vector space with dimension mn.
1 a a°
E1 b bz]

(a) Prove that the determinant of the Vander-monde matrix 11 ¢ ¢*Jis (b—a) (c—a) (c-b).
(b) Using Cramer’s rule, solve the given system of linear equations over the field of rational numbers:

3x-2y=7

3y-22=6

3z-2x=-1
(a) Suppose V be a finite dimensional vector space over a field F and T be a linear operator on V. Then show
that T'is diagonalizable if and only if the minimal polynomial for T is a product of linear polynomials over F.

- -1
(b) Find an invertible real matrix P such that £ 'YAP gnd PTBP are both diagonal where

a=lp 3 2=l




