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Part A

I. Answer any Eight questions. Each question carries 1 weight (8x1=8)

1. Let A be the set of irrational numbers in the interval [0,1]. Prove that m" (A) = 1.

2. Explain the construction of the cantor set C.

3. Explain any two properties of outer measure.

4. Letfbe an extended real valued function measurable on E and let f = g a.e. on E then, show that g is
measurable on E.

5. Let g be a measurable real valued function defined on E and f a continuous real valued function defined on
all of R. Show that the composition f o g is a measurable function on E.

6. Define a simple function. Derive the canonical representation of the simple function ¢.

7. Define a measure space. Give an example.

8. Describe Dirac measure space. |

9. Let(X, Z, |4 )be a measure space and f be integrable over X. If A and B are disjoint measurable subsets

of X, then show that fdu-= ffd[.l+ ffd/.l.
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10. Let (X, , [1) be a measure space and f a measurable function on X. If f is bounded on X and vanishes
outside a set of finite measure then show that f is integrable over X.

PartB
II. Answer any Six questions. Each question carries 2 weight (6x2=12)
11. Show that translate of a measurable set is measurable.
12. Prove that Lebesgue measure is countably additive.
13. Prove that integral of non-negative measurable function satisfies additivity over domain of integration.
14.

For a non-negative measurable function on E, show that f f=0ifand onlyiff=0a.e. on E.
E

15. Show that union of a countable collection of measurable sets is measurable with respect to y *.

16. Let U/ * be an outer measure on 2X. Then show that the collection /# of sets that are measurable with
respectto [J *is a O - algebra.

17.

Show that if # < ¢ a.e. on X, then L wau < j;( @ di where ¢ and { are nonnegative simple

functions on X and (X, 4, /J) is the measure space.

18. Let (X, A, u ) be a measure space and {f,} a sequence of functions on X that is both uniformly integrable
and tight over X. If {f,} =* f pointwise a.e. on X and the function f is integrable over X then show that
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Part C

lil. Answer any Two questions. Each question carries 5 weight (2x5=10)

19. (a) Prove that the outer measure of an interval is its length.
(b) Show that given any set A and any € > 0, there exists an open set O containing A such that m"(0) <
m”*(A)+€.

20. (a)State and prove Fatou's Lemma.
(b) Let f and g be integrable over E. Show that for any & and 8, the function af + Bg is integrable over E

and faf+Bg=aff+Bfg.MoreoveriffS g on E, then show that ff < f g.
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21. (a)State and prove Jordan Decomposition theorem.

(b) For a Lebesgue measurable set E, define v (E) = f f dm where fis a real valued function that is
E

Lebesgue integrable over R. Show that V is a signed measure on the measurable space ( R, £). Aiso find
a Hahn decomposition of R with respect to V and Jordan decomposition of V.

22. State and prove Fubini's Theorem.




