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PART A

Answer all questions. Each one carries 1 mark.

State order completeness in R in terms of infimum.
The set {% : neN} is unbounded. True/False. Justify.

Give an example of a bounded set with exactly two limit points.
Give the nature of convergence of the sequence {n + (—1)"}; neN.
Give an example of a metric space.
Define a dense subset of a metric space.
(6x1=6)

PART B

Answer any seven questions. Each one carries 2 marks.

Find the supremum and infimum of the set {xeQ: 1 < x < 2}.

Prove that N is order complete.

Give examples of two sets L and U satisfying Dedekind’s form of completeness
property.

Show that every open interval is an open set.

Boundedness is not necessary in order for an infinite set S to have a limit point. Justify
with an example.

Prove that the set {1,4,9, 16, ... ... ...... } is countable.

Prove that a sequence cannot converge to more than one limit.
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Find the limit of the sequence {x,,} where x,, = eI + Tty ot @y

using Cauchy’s first theorem on limits.
If A € B, then prove that A € B.
Give an example of a countable family of closed subsets of R whose union is not closed.

(7x2=14)
PART C

Answer any five questions. Each one carries 6 marks,

Prove that every infinite bounded set has a limit point.
Prove that a countable union of countable sets is countable. Also prove the countability of

1 (P.T.0)
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rational numbers using this result.

Define interval. Check whether the following sets are intervals and give reasons:
{1,3,5,7}

fxeQ:1<x<3}

fxeR:—-1<x <0}

{xel:0<x <5}

. IfS ST C R, where S # ¢, then show that:

If T is bounded abov, then supS < supT.
If T is bounded below, then infT < infS.

. Show that:

1

lim,,ar =1, ifa > 0.
1

lim,,,,nr = 1.

Prove that the sequence {s,} defined by the recursion formula s,,,; = \/7 + s,,; 5, = V7

converges to the positive root of x2 —x — 7 = 0.
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In any metric space(X, d), prove that:

The union of an arbitrary family of open sets is open.
The intersection of a finite number of open sets is open.
Prove that the cantor set is a perfect set.

(5%6=30)
PART D
Answer any two questions. Each one carries 15 marks,
. State and prove Cantor’s intersection theorem using the concept of metric.
State and prove Cauchy’s general principle of convergence.
Define Cauchy sequence. Show that the sequence {s,,} where s,, = 1 + % + % F ot

1
;7.- cannot converge.
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State and prove Archimedian property of real numbers.

Prove that every open interval (a, b) contains a rational number.

Prove that:

The derived set of a bounded set is bounded.

The derived set S’ of a bounded infinite set § © R has the smallest and the greatest
members.

(2x15=30)




