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INTRODUCTION

The theory of perfect graphs relates the concept of graph
colourings to the concept of cliques. A graph is perfect if
the chromatic number and the clique number have the
same value for each of its induced subgraphs. Perfect
graphs include many important graphs classes including
bipartite graphs, chordal graphs, and comparability
graphs.

The notion of perfect graphs are introduced by Claude
Berge in 1960. He also conjectured that a graph is
perfect iff it contains, an an induced subgraph, neither an
odd cycle of length atleast five nor its complement. This
conjecture become known as the strong perfect graph
conjecture and attempts to prove it contributed much to
the development of graph theory in the past forty years.
Chudnovsky, Robertson, Seymour and Thomas were
recently able to prove the strong perfect graph conjecture
in its full generality:.

After remaining unsolved for more than forty years, it
can now be called Strong perfect graph theorem.



CHAPTER 1

PRELIMINARIES

Graph

A graph is an ordered triple (V(G),E(G),¥(G))
consisting of a non empty set V(G) of vertices.Set E(G)
of edges disjoint from V(G) and an incidence fuction
U(G) that associates with each edge of G and unordered
pair of vertices of G.
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Undirected graph

An undirected graph is a graph in which edges have no
orientation. The edge (x,y) is identical to the edge (y,x).
The maximum number of edges in an undirected graph
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—1
without a loop is n(n—1)

Undirected graph

Complement graph

The complement of a graph G is a graph H on the same
vertices such that two distinct vertices of H are adjacent
iff they are not adjacent in G.

i.e; to generate the complement of a graph, one fills in all
the missing edges required to form a complete graph, and
removes all the edges that were previously there.
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Induced subgraph

Let G= (V,E) be any graph and let S C V be any subset
of vertices of G. Then the induced subgraph G[S] is the
graph whose vertex set is S and whose edge set consists
of all of the edges in E that have both end points in S.

Colouring

Graph colouring is a special case of graph labelling. It is
a way of colouring the vertices of a graph such that no
two adjacent vertices share the same colour; this is called
a vertex colouring. Similarly, an edge colouring assigns a
colour to each edge so that no two adjacent edges share
the same colour.



Independent set

An independent set is a set of vertices in a graph, no two
of which are adjacent. i.e; It is a set S of vertices such
that for every two vertices in S, there is no edge
connecting the two.

Chromatic number x(G)
The chromatic number of G is the minimum K for which
G is K colourable.

3 Chromatic

Clique
For any graph G, a complete subgraph of G is called a
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clique of G.

Graph Clique

Clique number w(G)
Clique number of a subgraph of G is the size of the largest
clique contained in G.

Graph Cliqgue number=3



Clique cover

In graph theory, a clique cover or partition into cliques of
a given undirected graph is a partition of the vertices of
the graph in to cliques, subsets of vertices within which
every two vertices are adjacent. A minimum clique cover
is a clique cover that uses as few cliques as possible.

Complete graph

A simple graph G is said to be complete if its each pair

of distinct vertices is join by an edge. A complete graph

with n vertices is usually denoted by K, and has exactly

n(n —1)
2
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Bipartite graph
A graph is bipartite if its vertex set can be partitioned into

edges.
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two non empty subset X and Y such that each edge has
one end in X and other end in Y. Such a partition (X,Y)
is called a bipartition of the graph.

a b
1 2 3
X = {a,b}
Y ={1,2,3]

Line graph

If G is a graph, we can form the line graph L(G)= H from
G as follows

e The vertex set of H is the edge set E(G) of G.

e There is an edge between two elements of V(H) iff the
two corresponding edges in E(G) share a common vertex.



Partially ordered set

€4

A partially ordered set (poset) consists of a set together

with a binary relation indicating that, for certain pairs of

elements in the set, one of the elements precedes the other

in the ordering. To be partial order, a binary relation must

be reflexive, antisymmetric, and transitive.

Chain

A chain in S is a subset C of S in which each pair of

elements is complete. i.e; C is totally ordered.

€2



Antichain
An antichain is a subset of a partially ordered set such that
any two distinct elements in the subset are incomparable.

Odd hole
Cycle of odd length atleast 5 is called an hole.

Odd Antihole
An induced subgraph that is the complement of an odd
hole is called an odd antihole.
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CHAPTER 2

PERFECT GRAPH

Definition 2.1

A graph is perfect if x(H)=w(H) for every induced
subgraph H of G.

i.e; In graph theory, a perfect graph in which the
chromatic number of every induced subgraph equals the
size of the largest clique of that subgraph.

Note

if H is an induced subgraph of G, every induced subgraph
of H is also an induced subgraph of G.Thus if G is a
perfect graph, then every induced subgraph of G is also
perfect. The perfection is preserved under graph
isomorphism.

If G and G’ are isomorphic, then G is perfect iff G’ is
perfect.
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Examples

e The most trivial class of graphs that are perfect are the
edgeless graphs.

i.e; The graph with V=1,2,..n and E=® these graphs
and all of their subgraphs have both chromatic number
and clique number 1.

e Any bipartite graph is perfect. This is trivial as

i) any induced subgraph of a bipartite graph is bipartite
ii) the largest clique in a bipartite graph is 2( or 1 if the
graph is empty) while the number of colors needed is 2(
or 1 if the graph is empty)

Theorem 2.2

All complete graphs are perfect.

proof

We will prove this theorem using induction on the order
of the graph. The complete graph of order 1 ( Kj ) is
perfect.

Since w(K;)= x(K;)= 1 and Kj has no induced
subgraphs.

Assume that complete graphs of order n are perfect. Let
K,,+1 be a complete graph of order n+1 and let H be an
induced subgraph of K,, ;. All induced subgraphs of
complete graphs are complete graphs. If H is a proper
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subgraph of K,,;1, it is a complete graph of order n or
less and is perfect by the induction hypothesis. Thus
w(H)= x(H).

Finally 3 it H= Kn-l—la W(Kn+1): X(Kn—i-l): n+1

Thus all complete graphs are perfect.

Note
Every order 1 graph is a complete graph,so every orderl
graph is perfect.

Theorem 2.3

If G is biprtite graph, then the complement graph G of G
is perfect.

Proof

Let G=((V1,V3),E) be a bipartite graph on n vertices, G
be its complement,and H be any induced subgraph of G
on the vertex set {Vi}, ..V} U{V}% ..V2} Then, H is
the graph with edges between all of the V;!*s in it,as well
as edges between all of the VJ-Q‘S in it,and also an edges
between a V! and a Vj2 iff such an edge did not exist in
G.

Consequently,by definition, H is itself the complement
graph of the induced subgraph H of G given by the same
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vertex set {V}!, ...Vl U {V{% ..V2} which is a bipartite
graph.

. any subgraph of H is itself complement graph of a
bipartite graph. Thus,if we can prove that x(H) = w(H)
for any complement graph to a bipartite graph.then we
will have proven that this in fact hold for all of G's
subgraphs.( as they are all also complement graphs to

bipartite graphs) and thus shown that G is perfect.

Proposition 2.4
If G is a bipartite graph,then L(G) is perfect.

Theorem 2.5

All open chains are perfect.

Proof

Let G=(V,E) be an open chain.Let H be an induced sub-
graph of G. There are two potential cases: Case 1: H
contains no neighboring vertices,For example Fig 2.4. If

H contains no neighboring vertices,w(H)=1. The func-
tion C(V;)= red for all VeH is a 1-colouring of H. So,

w(H)=x(H).
Case 2: H contains neighboring vertices,For example Fig
2.5. There are no cliques of size 3 or greater,so w(H )=2.

14



The function C (defined below) is a 2-colouring of H. So,
x(H)=w(H).

red, i is odd

c(v)= <

blue, i is even

¢ ¢ o
Fig 2.4 An induced subgraph
with no neighbours
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Fig 2.5 An induced subgraph with
neighbours
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CHAPTER 3

FAMILIES OF GRAPHS THAT ARE
PERFECT

Triangulated (Chordal ) graph
A graph G in which each cycle of length atleast 4 has a
chord is called triangulated or chordal graph.

Proposition 3.1
A graph is triangulated iff every minimal vertex separator
induces a complete subgraph.

Lemma 3.2
Let S be a vertex cut of a connected graph G and for
1< i <r, let C; (on vertex set V;) be the components of
G-S.Let G;= < V; U S; > be the S component of G. Then

if <S> isa clique,x(G) = ' x(G;) and

W(G): 7 w(Gl)

Corollary 3.3
If G; is perfect then G is perfect.

17



Proposition 3.4
Every triangulated graph is perfect.

Proof
By proposition 3.1, every triangulated graph G has a ver-
tex cut S inducing a complete subgraph. Using induction
on the number of vertices, the induction hypothesis gives
that every S- component is perfect. Then by corollary 3.3
, G is perfect.

Definition
i) A graph G is strongly perfect if every induced subgraph
H of G has an independent set meeting all cliques in H.
ii) An independent set is good if it meets all cliques of the
graph. A graph G is very strongly perfect if every vertex
of each induced subgraph H of G belongs to a good inde-
pendent set oh H.
iii) A graph is co-strongly (very strongly) perfect iff G and
G are strongly (very strongly) perfect.

Proposition 3.5
Every strongly perfect graph is perfect.

Proof
Let G be a strongly perfect and H be an induced subgraph
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of G. Then H has a good independent set S; meeting all
cliques of H, so that w(H — S1) = w(H) — 1

Let HH=H — Sy and w(H) = w

Then Hj is a strongly perfect graph and has good inde-
pendent set So. Thus w(H; — S5) = w(Hy) — 1 = w — 2
andHy, = H; — S is a strongly perfect graph.
Proceeding this way, we get w independent sets Sy, Ss...S5,,
covering all the vertices of H, so that x(H) < w(H).

But x(H) is also greater than or equal to w(H), giving
X(H) = w(H) so that G is x - perfect and hence perfect.

Definition (Comparability graphs)
Let P be a set with partial order < and let G = (PE), G
is comparable if E = { {x;y} : x;y € P, x Ly, x#£y}
It is useful to note that all cliques of a comparability graph
are chains , since if K is a clique and x,y €K, then x and
y are neighbours so x _Ly. Similarly independence sets of
comparability graphs are antichains.

Proposition 3.6
Every comparability graph is perfect.
Proof
We show that a comparability graph G = (V,E) is x- per-
fect. Let H= (V,E) be a transitive orientation of the edges
of G. For each v € V| let t(v) = 1+ length of a longest
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directed path from V to H.

If max{ t(v)/ v€ V} isk, then G has a k-clique (induced by
the vertices of the longest path from v,a vertex for which
t(v) =k).

Also G does not have a (k+1) clique, since in that case it
will have a path of length k passing through the vertices
of the clique.

Thus w(G)=k.

Colour each of vertex v of G with colour t(v). This is a
proper colouring using k colours, since if u and v are ad-
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jacent in G and uv is directed from u to v in H, then t(u)
> t(v). Thus x(G) < k= w(G).

Since x(G) > w(G),we have x(G)= w(G).

The same argument can be applied to every induced sub-
graph of G. Hence G is x- perfect.

Definition (Incomparability graphs)
Let P be a set with partial order < and let G= (P.E). G
is incomparable graph if E= { {x,y}: x,y €P, x|y }
It is useful to note that all cliques of an incomparable graph
are antichains, since, if k is a clique and x,y€k, then x and
y are neighbours so x||y. Similarly, independence sets of
incomparable graphs are chains.

Proposition 3.7

Incomparability graphs are perfect.

Proof

Proving incomparability graphs are perfect by showing
w(H)= x(H) is difficult, since there is no analogue to a
longest increasing chain to use as the basis of colouring.
Instead, we note that the converse of any incomparability
graph is a comparability graph. Since all the compara-
bility graphs are perfect, by the weak graph theorem, all
incomparability graphs are perfect.
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Definition (Interval graphs)
A graph is an interval graph if it is the intersection of a set
of intervals of any total order. It is a proper interval graph
if no interval is contained in another. It is a nested interval
graph if for intervals I;, I, Ny # ¢ = 1; C Iy or [ C 1.

Proposition 3.8
Every interval graph is triangulated.
Proof
Let G be an interval graph and if possible let c= vy,v9,v3,...vE, V1
be a cycle of length k>4 without chord. Let I; be the in-
tervals represented by V;, 1<i<k.
By assumption about cycle I, 1N I;11 =¢ and ;1N L4
=+ ¢, for 2<i<k.
For cycle to be complete, I;N [ should be non empty but
this would imply [;N I;; # ¢, for 2<j<k, contradicting that
G has no chords. Thus G is triangulated.

Proposition 3.9
The complement of every interval graph is a comparability
graph.

Proof
Let {I, / v€V} be an interval representation of the inter-
val graph G=(V,E). Define orientation F for G=(V,E) as

22



follows.

weF < Iy for uve E.

Since uv € E = [, N I, =¢, this is certainly an orientation
of every edge of G. Also uve F and uweF = (I, < I, and
[, <1y =1, <I, = uw € F so that F is a transitive
orientation. Thus G is a comparability graph.

Proposition 3.10

Every interval graph is perfect.

Proof

Since every interval graph is triangulated and every trian-
gulated graphs are perfect. We can say that every interval
graph is perfect.
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CHAPTER 4

PERFECT GRAPH THEOREM

In graph theory, the perfect graph theorem states that
undirected graph is perfect iff its complement graph is
also perfect. This result had been conjectured by Berge
(1961,1963), and it is sometimes called the weak perfect
graph theorem to distinguish it from the strong perfect
graph theorem.

Theorem statement

A perfect graph is an undirected graph with the property
that, in every one of its induced subgraphs, the size of the
largest clique equals the minimum number of colours in
a colouring of the subgraph. Perfect graphs include many
important graphs classes including bipartite graphs,chordal
graphs and comparability graphs.

The complement of a graph has an edge between two ver-
tices iff the original graph does not have an edge between
the same two vertices. Thus, a clique in the original graph
becomes an independendent set in the complement and a
colouring of the original graph becomes a clique cover of
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the complement.

The perfect graph theorem states:

The complement of a perfect graph is perfect.
Equivalently, in a perfect graph, the size of the maximum
independent set equals the minimum number of cliques in
a clique cover.

Example

Let G b a cycle graph of odd length greater than 3. Then
G requires atleast 3 colours in any colouring, but has no
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triangle, so it is not perfect. By the perfect graph theorem,
the complement of G must therefore also not be perfect.

Applications
In a non trivial bipartite graph, the optimal number of
colours is 2, and the maximum clique size is also 2. Also,
any induced subgraph of a bipartite graph remains bipar-
tite. Therefore bipartite graphs are perfect.
In n-vertex bipartite graphs,a minimum clique cover takes
the form of a maximum matching together with an addi-
tional clique for every unmatched vertex, with size n-M,
where M is the cardinality of the matching.
Thus, in this case, the perfect graph theorem implies Konig’s
theorem( describes an equivalence between the maximum
matching problem and the minimum vertex cover problem
in bipartite graphs) that the size of a maximum indepen-
dent set is also n-M, a result that was a major inspiration
for Berge’s formulation of the theory of perfect graphs.
Mirsky’s theorem characterizing the height of a partially
ordered set in terms of partitions into antichains can be
formulated as the perfection of the comparability graph of
the partially ordered set, and Dilworth’s theorem charac-
terizing the width of a partially ordered set in terms of
partitions into chains can be formulated as the perfection
of the complements of these graphs. Thus, the perfect
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graph theorem can be used to prove Dilworth’s theorem
from the proof of Mirsky’s theorem, or vice versa.

Strong perfect graph theorem

In graph theory, the strong perfect graph theorem is a
forbidden graph characterization of the perfect graphs as
being exactly the graphs that have neither odd holes nor
odd antiholes. It was conjectured by Claude Berge in 1961.
A proof by Maria Chudnovisky, Neil Robertson, Paul Sey-
mour, and Robin Thomas was announced in 2002 and pub-
lished by them in 2006.

Theorem statement
A perfect graph is a graph in which, for every induced
subgraph, the size of the maximum clique equals the min-
imum number of colours in a colouring of the graph. In
his 1961 and 1963 works,Claude Berge observed that it is
impossible for a perfect graph to contain an odd hole, an
induced subgraph in the form of an odd- length cycle graph
of length 5 or more, because odd holes have clique number
2 and chromatic number 3. Similarly, he observed that
perfect graphs cannot contain odd antiholes, induced sub-
graphs complementary to odd holes: an odd antihole with
2k+1 vertices has clique number k and chromatic number
k+1, again impossible for a perfect graphs. The graphs
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having neither odd holes nor odd antiholes became known
as the Berge graphs.

Berge conjectured that every Berge graph is perfect, or
equivalently that the perfect graphs and the Berge graphs
define the same class of graphs. This became known as
the strong perfect graph conjecture, until its proof in 2002,
when it was renamed the strong perfect graph theorem.
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CONCLUSION

Perfect graphs are one of the deepest and most
fascinating graph theory topic to emerge in the last 20"
century. In this paper, we introduced the concept of
perfect graphs. We proved that the complete graphs,
open chains, chordal graphs, comparability graphs,
incomparability graphs, interval graphs are all perfect.
We also see the weak and strong perfect graphs and their
applications. We have only touched the surface of what is
possible with perfect graphs. There are several additional
classes of perfect graphs that can be used in countless
applications; research on perfect graphs and their
applications is on going.
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