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Chapter 1

INTRODUCTION

Mathematics is one of the essential emanation of the human spirit-a thing to
be valued in and for itself like art or poetry.That is, mathematics may not
teach us how to add love or minus hate,but it gives us every reason to hope

that every problem has a solution.

The theory of fixed point is one of the most powerful tool of modern math-
ematics. Theorem concerning the existence and properties of fixed points are
known as fixed point theorem.Fixed point theory is a beautiful mixture of
analysis,topology and geometry.In particular fixed point theorem has been ap-
plied in such field as mathematical engineering,physics,economics,biology,game

theory and chemistry etc.

The fixed point theory is divided into two major areas: One is the fixed
point theory on contraction or contraction type mappings on complete metric
space and the second one is the fixed point theory on continuous operators on
compact and convex subsets of a normed space.The begining of fixed point
theory in normed space is attributed to the work of Brouwer in 1920, who
proved that any continuous self-map of the closed unit ball of R" has a fixed

point. Thebegining of fixed point theory on complete metric space is related



to Banach Contraction Principle,in 1922.Let (X, d) be a metric space and
F : X=X be a mapping.Then F is said to be a contraction if there exist a
constant L €]0,1) ,called a contraction factor,such that d(F(x), F(y))< Ld(x,
y) Banach contraction principle says that any contraction self-mappings on
a complete metric space has a unique fixed point.This principle is one of a
very power test for existence and uniqueness of the solution of considerable

problems arising in mathematics.

The aim of this paper is to surveys the basic theorem for contraction map-
pings on a finite dimensional metric space.This work consists of mainly eight
Chapters.The first two-three chapters concerning the history and some basic
definitions which are useful for this work. In the fourth chapter,we deals
with the existence and uniqueness of fixed points for a contractive mapping
in a complete metric space.A fixed point of an operator is a solution of the
equation x = F(x). Concerning the metric branch,the most important metric
fixed point result is the Banach Contraction Principle which was considered
as one of the fundamental principle in the field of functional analysis.Then we
establish the extension of Banach Contraction Principle for weak contraction
mapping and the sequences of mapping and uniqueness of fixed point.In the
last two chapters,we treat fixed points in a b-metric space for weak contrac-
tion mapping and in compact metric space by introducing the new concept

co-cyclic representation.



Chapter 2

HISTORY

In 1886,Poincare was the first to work in this field. Then Brouwer in 1912, proved
fixed point theorem for the solution of the equation F(x) = x. Brouwer
theorem gives no information about the location of fixed points. However,
effective methods have been developed to approximate the fixed points. He
also proved fixed point theorem for a square,a sphere and their n-dimensional
counter parts which was further extended by Kakutani.Mean while Banach
Contraction Principle came into existence which was considered as one of the
fundamental principle interested the field of functional analysis.In 1922 Ba-
nach proved that a contraction mapping in the field of a complete metric space
possesses a unique fixed point.Later on it was developed by Kannan.The first
fixed point theorem in an infinite dimensional Banach space was given by
Schauder in 1930. Fixed point theory is an interdisciplinary topic which can
be applied in various disciplines of mathematics and mathematical science like
game theory,approximation theory, economics,optimization theory and vari-
ational inequalities.The fixed point theory (as well as Banach Contraction
Principle) has been studied and generalized in different spaces and various

fixed point theorem were developed.



Chapter 3

PRELIMINARIES

A point is often called fixed point when it remains invarient,irrespective of
the type of transformation it undergoes.For a functionF that has a set X
as both domain and range,a fixed point is a point x € X for which F(x) =
x.T'wo fundamental theorem concerning fixed points are those of Banach and

Brouwer.

Definition 3.1. Let X be a non-empty set and F be a function which maps
X to X.A fized point of F is a point x € X such that F(zx) = x

Example 1. Let F be a map on R defined by F(z) =z 2 Tr + 12 We know
. . 22412
that ©=3,4 are root of the equation. Consider F(x) = x where F(r) = ==
Then x = 8 and © = 4 are two fixed point of F(x)

Definition 3.2. Let X be a non-empty set.A mapping d : X X — R is said
to be a metric(or distance function) iff d satiesfies the following azioms: (M-
1) d(z, y)> 0V z, ye X

(M-2) d(z, y) = 0iff t = yV x, yeX

(M-3) d(z, y) = d(y, )V z, ye X

(M-4) d(z, y)< d(z, z) + d(z, y)V z, y, z €X

If d is metric for x,then the ordered pair(X, d) is called a metric space and

5



d(x, y) is called the distance between x and y

Definition 3.3. A sequence (x,,) in a metric space (E,d) is said to converge
to an element xof E if

lim d(z,,z) =0

n—oo

A sequence x,, of elements of a metric space (E,d) is called a Cauchy sequence

if given € > 0, there exists N such that for p,q > N,d(xp, x,) < €

Definition 3.4. A metric space (X, d) is called complete,if every cauchy

sequence converges in it.

Definition 3.5. Let (X, d) be a complete metric space and let F:X — X is
said to be Lipschitz constant such that d(F(x), F(y)) < ¢ d(z, y) ¥V z, ye X
1. If ojcj1,then the mapping is called contraction

2. If c=1,then the mapping s called nonexpansive

3. If d(F(z), F(y)) = d(z, y),then it is isometry

Example 2. Let F:R—R by F(z)=% d(F(z), F(y))leq 3 d(z, y) here c= 3

,0icj1. Hence F'1is a contraction.
Example 3. Let F:[ 5,2]—[3,2] by F(x) = 1 z d(F(z), F(y)) = d(1 z.1 y)

< d(z, y) Hence F is nonexpansive.

Example 4. Let F:R — R by F(x) = x Then d(F(z), F(y)) = d(x, y) Hence

F is an isometry.

Definition 3.6. A subset A of a metric space X is said to be ¢ compact subset
of X ,if every cover of A by open subsets of X has a finite subcover. A metric
space X is said to be compact if X is a compact subset of itself.In other words

severy sequence in X has a convergent subsequence.



Definition 3.7. A neighborhood of xy € X is an open ball of radius r > 0in X
that is centered at xo. An open ball of radius r centered at x0 is the collection

of all points x € X satisfying |r-xo| <7

Definition 3.8. A set is said to be locally compact if every point in X has a
compact neighborhood . That is , for every point in x € X we can find an open

ball for which every sequence has a convergent subsequence

Definition 3.9. A mappingl of a metric space E into a metric space E is

said to be continuous if for every convergent sequence (x,) of F,

lim Tz, = T(lim z,)

n—oo n—oo



Chapter 4

FIXED POINT THEOREMS

Fixed point theorems concern maps f of a set X into itself that, under certain
conditions, admit a fixed point, that is, a point z € X such that f(z) = x.
The knowledge of the existence of fixed points has relevant applications in

many branches of analysis and topology.

4.0.1 SOME OF THE INITIAL THEOREMS
Some of the basic theorems in this subject is listed below without proof.

Theorem 4.1 ( Brouwer fixed point theorem ). The theorem states that if
f B — Bis a continuous function and B is a ball in R" , then f has a fived

point.

This theorem simply guarantees the existence of a solution, but gives
no information about the uniqueness and determination of the solution. For

example,

Example 5. if f : [0,1] — [0,1])is given by f(z) = 2? , then f(0) =
Oandf (1) = 1, that is, f has 2 fized points.

Several proofs of this theorem are given. Most of them are of topological
in nature. A classical proof due to Birkhoff and Kellog was given in 1922.

Brouwer theorem gives no information about the location of fixed points.



However, effective methods have been developed to approximate the fixed
points. Such tools are useful in calculating zeros of functions REMARK:
This theorem is not true in infinite dimensional spaces.

The first fixed point theorem in an infinite dimensional Banach space was

given by Schauder in 1930.

Theorem 4.2 (SCHAUDER FIXED POINT THEOREM). If B is a com-
pact, convexr subset of a Banach space X and f : B — B is a continuous

function, then f has a fixed point

The Schauder fixed point theorem has applications in approximation
theory, game theory and other scientific area like engineering, economics and
optimization theory. The compactness condition on B is a very strong one and
most of the problems in analysis do not have compact setting. It is natural
to prove the theorem by relaxing the condition of compactness. Schauder

proved the following theorem

Theorem 4.3. If B is a closed bounded convexr subset of a Banach space X
and f : B — B is continuous map such that f(B) is compact, then f has a
fized point.

The above theorem was generalized to locally convex topological vector

spaces by Tychonoff in 1935 .

Theorem 4.4. If B is a nonempty compact convex subset of a locally convex
topological vector space X and f : B — B is a continuous map, then f has a

fized point.

Further extension of Tychonoffs theorem was given by Ky Fan . A very
interesting useful result in fixed point theory is due to Banach known as the

Banach contraction principle.



Theorem 4.5. Fvery contraction map s a continuous map, but a continuous

map need not be a contraction map.
Example 6. fx = xis a continuous map but it is not a contraction map.

The method of successive approximation introduced by Liouville in 1837
and systematically developed by Picard in 1890 culminated in formulation
by Banach known as the Banach contraction principle (BCP) is stated in the

following section.

4.0.2 BANACH CONTRACTION PRINCIPLE

Theorem 4.6 (BANACH CONTRACTION PRINCIPLE OR CONTRAC-
TION THEOREM). Let F' be a contraction on a complete metric space X . Then

F' has a unique fixed point.

Proof. Let g € X Define x; = F(xy) We will show that the sequence (z,)
is cauchy sequence in X. Since F' is a contraction,there exist a real number

0 < ¢ < 1 such that,

d(F(z), F(y)) < cd(x,y)Ve,y € X

For n > 1,
d(Tn i1, 20) = d(F(2zn), F(2n-1))
< cd(xp, Tn_1)
Similarly,
d(xp, xy—1) = d(F(xp_1), F(T,-9))
< cd(zn-1,Tn-2)
Thus

d(xn—i-l; xn) < Czd(ajn—la xn—2)

10



Continuing like this,we get,
d(Tpy1, xn) < d(x,29)Vn =0,1,2, ...

Now for m > n,

Since ¢" — ooasn — oo (x,) is a cauchy sequence in X. Sine X is complete
lim,, s00(z,) = @ for some z € X Since F' is a contraction,F'is continuous and

hence

F(z) = F(lim z,)

n—oo

= lim F(z,)

n—oo

= lim 2,4
n—oo

=X

Thus suppose there exist y € X such thatF(y) = y. Then ,

=>xr=1y

Thus,F' has a unique fixed point in X

11



Example 7. Let F' : R — R defined by, F(z) = 3z — 1 Then x = § is the
fized point of F.

REMARK:
Letting m — oo in the above equation, d(x,,z) < c"d(F(xo),xo)ﬁ which
provides a control on the convergence of (x,) to the fixed point x.
REMARK:

Contraction on incomplete metric space may fail to have fixed points.

Example 8. Let X = (0, 1|with usual distance. Define F: X — XasF(x) =

T

2
Then

which tmplies that F'is a contraction on X. Now, X is an incomplete space,since

(zn) = (+) is a cauchy sequence which converges to zero,but 0 ¢ X.

Corollary 4.6.1. Let X be a complete metric space and Y be a topological
space. Let f : X XY — X be a continuous function. Assume that f is a

contraction on X uniformly in'Y ,that is,

d(f(xlay)v f(x%y)) < )\d(il?l, 332),

Vri,x9 € X,Vy € Y forsome\ < 1. Then, for every fixed y € Y , the map
x> f(x,y) has a unique fized point ¢(y).

Moreover, the function y — ¢(y)is continuous from YtoX.

Notice that if f: X x Y — X is continuous on Y and is a contraction on

X uniformly in Y | then f is in fact continuous on X x Y .

Proof. In light of Theorem 4.1, we only have to prove the continuity of ¢.

12



For y,yo € Y, we have d(¢(y), (yo)) = d(f(¢(y),y), f(¢(y0), v0))
< d(f(¢(),y), f(o(w0),y)) +d(f(D(yo),y), [ (@(yo), vo))
< Ad(9(y), o(yo)) + d(f(¢(v0),y), (o), vo))
which implies
d(d(y), ¢(yo)) < ﬁd(f(cb(yo),y),f(cb(yo),yo))-
Since the above right-hand side goes to zero as y — 4o, we have the desired

continuity [

Example 9. Consider the map

N[ —
8
Mm
N
=

mapping [0, 1] onto itself.

Then g has unique fized point(r = %)

For

glr)=rv=z=35+2

=z=5¢[0,1]

g(x) =z =x=14€[0,1] .And g is discontinous.

Definition 4.1. For f : X — X andn € N, we denote by f" the n'" -iterate

of f, namely,f o---o f n-times (f° is the identity map)

Corollary 4.6.2. Let X be a complete metric space and let f : X — X. If

f™ is a contraction, for some n > 1, then f has a unique fized point x € X.

Proof. Let x be the unique fixed point of f" | given by Theorem 4.1. Then
f"(f(x)) = f(f"(z)) = f(x), which implies f(x) = z. Since a fixed point of

f is clearly a fixed point of f" , we have uniqueness as well. ]

Example 10. .In the abovr example we can see that g*(x) = %

13



Chapter 5

EXTENSIONS OF CONTRACTION
PRINCIPLE

There is in the literature a great number of generalizations of Theorem 4.6

Theorem 5.1 (Boyd-Wong). Let X be a complete metric space, and let f :
X — X. Assume there ezists a right-continuous function phi : [0,00) —
[0, 00)such that ¢(r) < rifr > 0,and d(f(z1), f(z2)) < ¢(d(z1,x2)), V1,22 €
X. Then f has a unique fixed point x € X. Moreover, for any xo € X the

sequence f"(xg) converges to .
Clearly, Theorem 4.6 is a particular case of this result, for ¢(r) = Ar.

Proof. If 1,29 € Xare fixed points of f, then

d(r1,2) = d(f(21), f(22)) < d(d(1, 72)

so r1 = x9. To prove the existence, fix any xy € X, and define the iterate
sequence x, + 1 = f(x,). We show that x, is a Cauchy sequence, and the
desired conclusion follows arguing like in the proof of Theorem 4.6. For
n > 1, define the positive sequence a,, = d(x — n,z,_1) It is clear that
an+1 < ¢(an) < ay; therefore an converges monotonically to come a > 0.
From the right-continuity of ¢, well get a < ¢(a), which entails a = 0. If z,

is not a Cauchy sequence, there is € > Oand integers mk > nk > k for every

14



k > 1 such that

di := d(Tpmy, Tp_k) > €, Yk > 1.
In addition, upon choosing the smallest possible m;, we may assume that
ATy |, Tn,) < €

for k big enough (here we use the fact that an —0). Therefore, for k big
enough, € < di, < d(Tmy, Tm,_,) + ATy, 2, ) < Ay, + € implying that dy, — €
from above as k — oo. Moreover,

dk < dk-i-l + Amyiq + Anjeiq < ¢(dk) + Amy1q + Anyeiq

and taking the limit as & — oo ,we obtain the relation € < ¢(¢e) which has to

be false since € > 0. []

Theorem 5.2 (Caristi). Let X be a complete metric space, and let f: X —
X. Assume there exists a lower semicontinuous function ¢ : X — [0, co)such

that
d(z, f(z)) < ¢(@)v(f(z)),Vr € X.

Then f has (at least) a fized point in X.
Again, Theorem 4.6 is a particular case, obtained for,
(@) =d(z, f(2))/(1—N).
Notice that f need not be continuous.
Proof. We introduce a partial ordering on X, setting
z 3y e dy) <Plz) —d(y).

Let 0 # Xy C X be totally ordered, and consider a sequence x, € Xgsuch

that ¢(z,) is decreasing to o :=infiy(x) 1z € Xo. lf n € N and m > 1,

d($n+m, CEn) S Uz‘ﬂiﬁld(wn—ki—i—la xn—i—i)

15



< Ugﬁlib(xnﬂ)@/}(fnﬂﬂ)
= Y(@n) Y (Tnim).
Hence z,is a Cauchy sequence, and admits a limit x € X, for X is complete.
Since v can only jump downwards (being lower semicontinuous), we also have
Y(x) = a. If x € Xy and d(z,x) > 0, then it must be z < =z, for large n.
Indeed, lim, ¢ (z,) = ¥(x) < 1(x). We conclude that x is an upper bound for

Xy, and by the Zorn lemma there exists a maximal element x. On the other

hand, x < f(z), thus the maximality of x forces the equality z = f(x). O

If we assume the continuity of f, we obtain a slightly stronger result, even

relaxing the continuity hypothesis on .

Theorem 5.3. Let X be a complete metric space, and let f : X — X be a

continuous map. Assume there exists a function ¥ : X — [0,00) such that

d(z, f(2)) < (x)p(f(2)),Vr € X.

Then f has a fized point in X. Moreover, for any o € X the sequence f"(xy)

converges to a fixed point of f.

Proof. Choose zp € X. Due the above condition, the sequence (f"(x¢)) is
decreasing, and thus convergent. Reasoning as in the proof of the Caristi
theorem, we get that f"(xy) admits a limit = € X, for X is complete. The

continuity of f then entails.

Flw) =lim f(f" (o)) = 2
]

We conclude with the following extension of Theorem 4.6, that we state

without proof.

16



Theorem 5.4 (Ciric). Let X be a complete metric space, and let f : X — X
be such that

d(f(x1), f(z2))
< Mmaxd(zy, x2), d(x1, f(x1)), d(x2, f(x2)), d(x1, f(x2)), d(x2, f(21))
for some A < 1 and every x1,x92 € X. Then f has a unique fized point x € X.

Moreover, d(f™(xy),z) = O(\") foranyxy € X.

Also in this case f need not be continuous. However, it is easy to check
that it is continuous at the fixed point. The function g of the former example

fulfills the hypotheses of the that with A = %

5.1 WEAK CONTRACTION

We now dwell on the case of maps on a metric space which are contractive

without being contractions.

Definition 5.1. Let X be a metric space with a distance d. A map f : X — X

1s a weak contraction if
d(f(z1), f(x2)) < d(x1,x2),VT1 # 29 € X.

5.1.1 FIXED POINT THEOREMS

Being a weak contraction is not in general a sufficient condition for f in order

to have a fixed point, as it is shown in the following simple example.

Example 11. Consider the complete metric space X = [1,400), and let
f: X — X be defined as f(x) = (x +1)/x.
It is easy to see that fis a weak contraction with no fixed points. Nonetheless,

the condition turns out to be sufficient when X is compact.

17



Theorem 5.5. Let f be a weak contraction on a compact metric space X.
Then f has a unique fized point x € X. Moreover, for any xro € X the

sequence [™(xg) converges to x .

Proof. The uniqueness argument goes exactly as in the proof of Theorem 1.3.
From the compactness of X, the continuous function = — d(z, f(x)) attains

its minimum at some x € X. If © # f(x), we get

d(x, f(x)) = minyexd(y, f(y)) < d(f(z), f(f(2))) < d(z, f(z))

which is impossible. Thus z is the unique fixed point of f (and so of f" for
all n > 2).

Let now zy # z be given, and define d,, = d(f"(x), z). Observe that

Hence d,, is strictly decreasing, and admits a limr > 0.
Let now f"(xy) be a subsequence of f"(xy) converging to some z € X.

Then

r=d(z,z) = lim d,, =limk — ocod,, 11 = ]}LIEO d(f(f"™(x0)),z) =d(f(z),x).

k—o0

But if z # x, then d(f(2),z) = d(f(z), f(z)) < d(z, ). Therefore any conver-
gent subsequence of f"(xy) has limit x, which, along with the compactness
of X, implies that converges to x Obviously, we can relax the compactness
of X by requiring that f(X) be compact (just applying the theorem on the
restriction of f on f(X)). O

Arguing like in Corollary 1.5, it is also immediate to prove the following

Corollary 5.5.1. Let X be a compact metric space and let f : X — X. If f"

1s a weak contraction, for somen > 1, then f has a unique fized point x € X .

18



5.1.2 A converse to the contraction principle

Assume we are given a set X and a map f : X — X. We are interested to
find a metric d on X such that (X,d) is a complete metric space and f is
a contraction on X. Clearly, in light of Theorem 1.3, a necessary condition
is that each iterate f" has a unique fixed point. Surprisingly enough, the

condition turns out to be sufficient as well.

Theorem 5.6 (Bessaga). Let X be an arbitrary set, and let f: X — X be
a map such that f" has a unique fived point x € X for every n > 1. Then
for every € € (0,1), there is a metric d = d. on X that makes X a complete

metric space, and f is a contraction on X with Lipschitz constant equal to €.

Proof. Choose € € (0,1). Let Z be the subset of X consisting of all elements
z such that f"(z) = x for some n € N.

We define the following equivalence relation on X Z : we say that zy if
and only if f"(z) = f"(y) for some n,m € N.

Notice that if f*(z) = f™(y) and f"(z) = fm'(y) then f(z) =
(). But since x € Z, this yields n +m/ = m + n’ | that is, nm = n'—m/
. At this point, by means of the axiom of choice, we select an element from
each equivalence class. We now proceed defining the distance of z from a

generic y € X by setting d(x,z) = 0,d(y,z) = en if y € Z with y # x, where
n=minm € N : fm(y) = z,andd(y,x) = "™

if y € Z, where n,m € N are such that f"(z') = f"(z), 2/ being the selected
representative of the equivalence class [x]. The definition is unambiguous,

due to the above discussion. Finally, for any z,y € X, we set

d(z,x) +d(y,x) ifz#y
0 ifr=y

d(Z,y) —

19



It is straightforward to verify that d is a metric. To see that d is complete,
observe that the only Cauchy sequences which do not converge to x are
ultimately constant. We are left to show that f is a contraction with Lipschitz

constant equal to €. Let y € X,y # x. If y € Z we have

d(f(y), f(x)) = d(f(y),z) < €" = eV = ed(y, 2).

If y ¢ Z we have

since y f(y). The thesis follows directly from the definition of the distance [

5.1.3 Fixed points of non-expansive maps

Let X be a Banach space, C' C X nonvoid, closed, bounded and convex, and
let f:C — C be a non-expansive map. The problem is whether f admits a

fixed point in C. The answer, in general, is false.

Example 12. Let X = ¢y with the supremum norm. Setting C' = Bx(0,1),
the map f: C — C defined by

f(x):(l,xo,xl,...)’ fOTZB:(xO,ZEl,.CUQ,---) EC
18 non-expansive but clearly admits no fized points in C.

Theorem 5.7 (Browder-Kirk). Let X be a uniformly convex Banach space
and C C X be nonvoid, closed, bounded and conver. If f : C — C 1is a

non-expansive map, then f has a fixed point in C.

We provide the proof in the particular case when X is a Hilbert space (the

general case may be found)

Proof. Let x € C be fixed, and consider a sequence 1, € (0,1) converging to

1. For each n € N, define the map f, : C' — C as

fulz) = rof(x) + (1r,)x.
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Notice that f, is a contractions on C, hence there is a unique x,, € C such
that f,(z,) = x,. Since C is weakly compact,r, has a subsequence (still
denoted by x,) weakly convergent to some x € C. We shall prove that x is a

fixed point of f. Notice first that

T (11 @) Pl ) = |1 (@)l

Since f is non-expansive we have

L (@)l < ([f (@) f(@n)]] + |[f (2n)2a]|
< lzzall + [f (zn)zal|

= Nlzzall + Urn)[Lf (z0)z]]

But 7, — 1 asn — oo and C is bounded, so we conclude that lim,, . sup(||f(2)z,||*||z

0
which yields the equality f(z) = x O

Proposition 5.1. In the hypotheses of above Theorem, the set F' of fixed

points of f is closed and conver.

Proof. The first assertion is trivial. Assume then xg,z; € F, with xy # z1,

and denote x; = (1t)xo + txy, with t € (0,1). We have
[1f (e)aol| = [f (o) f (o)l 7 [[zezol| = tl|z120]|
1f@e)aa]| = [If (o) f)l] < [z ]| = (18)] |21
that imply the equalities
|| (@e)zol| = t][z120]]

|f(@e)a ]| = (1) [[z120]].
The proof is completed if we show that f(z;) = (1¢)xo + tx;. This follows

from a general fact about uniform convexity, which is recalled in the next

lemma []
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Lemma 5.8. Let X be a uniformly convexr Banach space, and let o, z,y € X

be such that
||| = t]]zyll, lay|| = (18)]xyll,
for some t € [0,1]. Then a = (1t)x + ty.
Proof. Without loss of generality, we can assume ¢ > 1/2. We have
(1) (ez)t(ay)| = [[(128)(ax)t(zy)]
> tflzyk(12t)]|ox]]
= 2t(1t)[|zyl].
Since the reverse inequality holds as well, and
(1t)[|oc|| = tl|oy[| = ¢(1t)[|zy]]
from the uniform convexity of X (but strict convexity would suffice) we get
la(1t)xty|| = [|(1t)(ax) + t(ay)]| = 0

as claimed ]

5.1.4 The Riesz mean ergodic theorem

If T is a non-expansive linear map of a uniformly convex Banach space, then

all the fixed points of T are recovered by means of a limit procedure.

Definition 5.2. Projections- Let X be a linear space. A linear operator P :

X — X is called a projection in X if P?x = PPx = Px for every x € X.

NOTE P is the identity operator on ran(P), and the relations ker(P) =
ran(/ P), ran(P) = ker(I P) and ker(P) N ran(P) = 0 hold. Moreover

every element x € X admits a unique decomposition z = y + zwithy €

ker(P)andz € ran(P).

Proposition 5.2. If X is a Banach space, then a projection P is continuous
if and only if X = ker(P) @ ran(P).
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(The notation X = A @ B is used to mean that A and B are closed
subspaces of X such that AN B =0andA+ B =X. )

Proof. If P is continuous, so is I P. Hence ker(P) and ran(P) = ker(I P) are
closed.

Conversely, let z,, — =z, and Pz, — y. Since ran(P) is closed, y € ran(P),
and therefore Py = y. But Pz,x, € ker(P), and ker(P) is closed. So we have
xy € ker(P), which impliesvPy = Pz. From the closed graph theorem, P is

continuous ]

Theorem 5.9 (F. Riesz). Let X be a uniformly convexr Banach space. Let

T : X — Xbe a linear operator such that
| Tx]] < [lz]], Ve € X

Then for every x € X the limit

exists. Moreover, the operator P : X — X defined by Px = p, 1S a continuous

projection onto the linear space M =y € X : Ty = y.

Proof. Fix x € X, and set
C = co(z, Tz, Tz, T3z, - - -)

C is a closed nonvoid convex set, and from the uniform convexity of X there

is a unique p, € C such that
p=|lpz|| =infllz|[: z € C

Select € > 0. Then, for p, € C, there are m € N and nonnegative constants

ag, o1, -+ -, alpha,, with ZT:O a; = 1such that, setting
m
z = Z a1V
=0

23



thereholds

—p.z|| < e
In particular, for every n € N,

24+Tz+---+T1"2
n+1

<l <pte

Notice that
e T e+ ATz = (agz+- -+, T"z)+ (T4 - A+, T )4+ - (T "z + - Aoy,
Thus, assuming n is strictly greater than m,we get
2+ Tz+---+T"z=x+Te+---+T"x+r
where

r = (g4 -+ (agtart -+ )T 24+ (Lag) T a4 - -+ (lagay - - - 1) T™ 2.

Therefore
x+Ta:+---—|—T”a:_z+Tz+--~—|—T”z r
n+1 N n+1 n+1
Since
r 2ml||z||
<
n+1{| - n-+1

upon choosing n enough large such that 2m||z|| < e(n + 1) we have

r+Tr+---+1"x
n+1

24+Tz+---+T1"2
n+1

.
— |l <p+2
sl <een

On the other hand, it must be

r+Te+---4+T"x
n+1

> [
Then we conclude that

r+Tr+---+T"x
n+1

lim
n—oo

= p
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This says that the above is a minimizing sequence in C, and due to the
uniform convexity of X, we gain the convergence
r+Te+---+1T"x

L] n+ 1 — b

We are left to show that the operator Px = p, is a continuous projection
onto M. Indeed, it is apparent that if x € M then p, = x.

In general,

T+ T*x+ -+ Tt nx Tl
Tp, = lim = p, + lim
n—00 n -+ 1 n—oo N + 1

= Pz

Finally, P>z = PPz = Pp, = p, = Px. The continuity is ensured by the
relation ||p.|| < ||=]|-

O]

When X is a Hilbert space, P is actually an orthogonal projection. This

follows from the next proposition.

Proposition 5.3. Let H be a Hilbert space,P = P*> : H — H a bounded

linear operator with ||P|| < 1. Then P is an orthogonal projection.

Proof. Since P is continuous, ran(P) is closed. Let then E be the orthogonal

projection having range ran(P). Then
P =E+ P(IE)

. Let now = € ran(P)*.

For any ¢ > 0 we have
|1P(Pz + ex)|| < |[Pr + ex]|

which implies that
€
P 2 < 2
1P=]” < o——ll=ll
Hence Pz = 0, and the equality P = E holds ]
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The role played by uniform convexity in last Theorem is essential, as the

following example shows.

Example 13. Let X =1, and let T € L(X) defined by
T.I' = (0,$0,5€1’-..)7f07“1' = (x07$1’$27...> c X

. Then T has a unique fixed point, namely, the zero element of X. Nonethe-

less, if y = (1,1,1,---), for every n € N we have

= 1.

y+Ty+---+Ty || (1,2, ,nyn+1n+1,---)
n+1 a n+1

5.2 The Brouwer fixed point theorem

Definition 5.3. Let D" = z € R" : ||z|| < 1. A subset E of D" is called a
retract of D" if there exists a continuous map v : D" — F (called retraction)

such that r(x) = x for every x € E
Lemma 5.10. The set S = x € R": ||z|| = lis not a retract of D" .

Theorem 5.11 (Brouwer). Let f : D™ — D" be a continuous function. Then

f has a fixed point x € D"

5.3

Theorem 5.12 (Fundamental of algebra). Let p(z) = ag + a1z + « - - + a,2"

be a complex polynomial of degree n > 1. Then there exits zy € C' such that
p(20) = 0.

Proof. For our purposes, let us identify C with R2.

Suppose without loss of generality a, = 1. Let r = 2 + |ag| + -+ + |an|-
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Define now the continuous function g : C' — C as

B o — p(z)eir(lfn)a |Z| <1
9(z) = o

|z| > 1
where z € C' with 6 € [0,27). Consider now the compact and convex set
C = z:|z] <r. In order to apply the Brouwer fixed point theorem we need
to show that ¢(C) C C.

Indeed, if |2z]| <1,

|g(z)|§|z|—|—‘p(z)| <1+ + |ao| + + |an] <2<
r r
Conversely, if 1 < |z| < r we have |g(z)| < )z — 7}’251_2_)1 — ‘z —z_ a0+a1Z-i;"2;'n-i:61ln—1zn—1

<r—14+ |a()|+..7;+|an1| <r—1+ 77_2 <r
C is invariant for g, and so ¢ has a fixed point z; € C', which is clearly a

root of p [
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Chapter 6

WEAK CONTRACTION
PRINCIPLE IN b-METRIC SPACE

6.1 b-Metric Space

Definition 6.1. Let X be a non-empty set and s >1 be any real number.A

function d : X x X — R is called a b-metric provided that, for all x,y,z €X
1. d(z,y)=0<z=y
2. d(z,y) = d(y, v)
3. d(x,z) < 3<d(a7,y) + d(y, z))
A pair (X, d) is called b-metric space
o [f s=1, then it reduces to the usual metric space

Example 14. Let X = 1,(0<p<1)
Letd:1l, x1l,— Ry by

i) = (S50 @n =) )7 where 2,3, €1,
Let x = xp,y = yn €[,

da,y) =0 (S @y ) =0

e (T l@—y ) =0

&l (z—y) P=0

=
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Sr—y=0
Sr=y

In the similar way we will get, d(x,y) = d(y, x)

d(d(a:, z) +d(z, y))
op

d(z,y) <
Then 1, is a b-metric space
Definition 6.2. Let (X, d) be a b-metric space. Then a sequence (x,) € X is

called a cauchy sequence iff for all € > 0, there exist n(e) € N such that for

each m > n(e), d(xp,yn) < €

Definition 6.3. Let (X, d) be a b-metric space. Then a sequence (x,,) in X is
convergent iff for all e > 0, there exist v € X such that d(x,,r) < € whenever
n > n(e) where n(e) € N

Definition 6.4. The b-metric space s complete if every cauchy sequence in

1t 18 convergent

6.2 Result

Theorem 6.1. Let (X, d, s) be a complete b-metric space and s >1 be a given

real number.Let F': X — X be a mapping such that

A(F(@), F)) < da.y) = ®(d(z,y))
where ® : Ry — R is a function such that limy, (mf@(tn)> > (s — 1)1
whenever limsup(t,) > 1> 0, then F has a unique fized point
Proof. Let g € X be any element.
We construct a sequence (z,,) by ©, = F(z,_1) , forn > 1
Then
d(@n, tn1) = d(F(xn-1), F(2n))
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< d(wp-1,20) — <I>(d(xn—17 ﬂfn))

= d(ajna xn—kl) < d(xn—la Z'n)

It follows that d(z,_1,x,) is a monotone decreasing sequence of non-negative

real number and hence
d(xp_1,x,) — lasn — 0o (6.1)

Since [ > 0,

limy,—osoin f (@(d(mn_l, xn))) >0

Taking limit on (1),

[ <1 —1limy_sinf (@(d(ﬂfn—h xn)))

which is a contradiction
hencelimg, ood(Tp_1, ;) =0

Now we prove that (z,) is a cauchy sequence .
Suppose (x,) is not cauchy sequence.
Then there exist € > 0,k > 0 for which there exists two sequences (x,,,)

and (z,,) with n;y > my > k such that

(T, Ty ) > €

d(xmkv xnkq) <€

Then for all k£ > 0,
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€ S d(l’mk, xnk)

< S <d(a’;mk7 xnk_1) + d(xnk—ﬂ a”.nk))

< se + sd(xp, ., Tn,)

Taking limit infimum ,
e < limp_ooinf (d(xmk, xnk))

S lzmk%oosup (d(xmk y Ly, ))

For all £ > 0,

d(xmk—ﬂ xnk—l) < S(d(xmka xmk—l) + d(xmm x"k—l))

< sd(Tm, > T, ) + 5 (d(scmk, Tp,) + d(zp, xnk_l))
and,
d(Tpm,, Tn,) < s<d(:cmk, Ty_y) + ATy, In,))
< 8d(Tpy, Ty, ) + 52 (d(xmk_l, Ty, o) + d(zp, |, xﬂk))

Taking infimum,

€ . :
o) < limp_ootn f(d(Tpm, s Tn,_,))

S llmk%oosup(d(i'mk_l ) xnk—l))
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Put x = z,,, and y = z,,,_,,then

d(xmkv xnk) < d(xmkfﬂ xnkq) - (d(xmkw x”kl))

then
@(d(xmk_l, xnk_1)> < d(Tpy_ys Tnyy) — ATy Ty
Taking limit supremum,
limk%oosup((b(d(xmkl, xnkl))) < limp—sooSUP(d(T ;1 Tny ) —limgootnf(d(Tpm,
then, limkéoosup(@(d(xmkl,xnkl))> > (s —1)e
which is a contradiction.
therefore (x,) is a cauchy sequence and hence (z,) — x € X ,since (X, d)

is complete.Then

d(z, F(x))

IA

5<d T, Tnsr) + d( xn+1,F(~%’)))
= s(dle.20) +d(Fla,), F(2)))
(d(z, Tpir) + (d(xn,x) + <I>(d(a:n,$))>
s(d(z, Tny)) + 2 (d(zp, 7))

= S

IA

Taking n — oo, d(z, F(x)) =0 i.e, z = F(x) If 2 and y are two fixed points
of F' then d(x,y) > 0 and

d(z,y) = d(F(r), F(y))
= d(z,y) — ®(d(z,y))

d(z,y)

IN

which is a contradiction. Hence x =y

= Fixed points are unique. H

Example 15. Let x=/0,1] be equipped with the b-metric d(z,y) =| x — y |*

for all x,y € X ,clearly d is a metric on d.
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Then (X, d) is a b-metric space with parameters s = 2.Also (X, d) is com-
plete metric space,since [0,1] is closed and bonded set.

Let F': X — X as,
x
Fz)=x——,z€[0,1]

and ® : Ry — R by,

Then for x,y € X,

d(F(z), F'(y)) = | F(x) — F(y) |
? 92 2
- -5 -w-2)|
? 92 2
< | (z—y _(7_5)|

< xd(xr —y) — ®(d(z,y))

F has a unique fixed point in [0,1]

.CCQ

F(:L‘):x:>x—?:a:
2
T
= —=0
2
=z =0

x = 0 is the unique fized point of F
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Chapter 7

CO-CYCLIC WEAK
CONTRACTION AND FIXED
POINTS

7.1 Cyclic Representation

Definition 7.1. Let X be a non-empty set,m a positive integer and F' : X —
X a self-map. X = U, A; is said to be a cyclic representation of X with

respect to the map F' if the following hold:
1. A;,i=1,2,...,m are nonempty subset of X
2. F(Ay) C Ay, F(As) C As,....... JF (A1) C A, F(AR) C Ay

Example 16. Let X=[0,2] , A\=[0,1] ,A> =[3,3] , A3 =[1,2]
Define a self map F on X by,

F(z) = x+iif:c € [O,%]
F(z) =lifz € (%,;]
F(z)=2—1lifx € (;,2]

Then,
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1

F(Al) = [5, 1] C Ay
F(Ay) =1C A;
F(A;)=1C Ay

therefore X = U?Zl A; 1a a cyclic representation of X with respect to I

Theorem 7.1. Let X be a compact metric space ,m a positive integer and
F: X — X a continuous operator.suppose that Ay, As,...... A, are nonempty

subsets of X , X =Ji~; A; satisfying:
1. X =, A; is a cyclic representation of X with respect to F

2. d(F(z), F(y)) <d(z,y) — ®(d(x,y)) for any v € A; and y € A; 11 where
® € F where F:{q) : Ry — Ry such that ® is nondecreasing , ®(0) =
0,9(t) >0 fort > 0}

Then F' has a unique fixed point .

Definition 7.2. Let X be a nonempty. Two self maps F',G ; F,.G : X — X
are said be weakly compatible if then commute at their coincidence points.If

r € X such that F(x) = G(x),then (FG)(z) = (GF)(x)

7.2 Co-cyclic Representation

Definition 7.3. Let X be a nonempty set,m a positive integer and F,G :
X — X be two self maps.X = J-; A; is said be a co-cyclic representation

of X between F' and G if:

1. A;, 1 =1,2,....m are nonempty subset of X
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2. G(A1) C F(A),G(As) C F(Ay), ... G(A,) C F(A)

Example 17. Let x = [0,1] and 4; = [0, 3] and Ay = [55]
Define F' and G on X by,

G(z) = {x+% ifzel0,s5],1—zifze(
and F(z) = {:1: ifzel0,3],20—1ifze(
Now G(A)= (5,1 and F(A3)=f3,1]
G(A2)=0.%] and F(Ay) =[03]

Therefore G(A1) = F(As) and G(As) = F(4;)

RightarrowX = U?Zl A; 1s a co-cyclic representation of X between F' and G

Definition 7.4. Let (X,d) be a metric space,m is a positive integer,Ay |
Ay ... A a closed nonempty subsets of X, and X = |J;~; Ai.An operator
G : X — X 1is said to be co-cyclic weak contraction if there exist an operator

F: X — X such that
1. X =, is a cyclic representation of X between F and G

2. d(G(2), G(y)) < d(F(x), F(y)) — ®(d(F(x), F(y))), for any = € A; and
y € A1 where Ay = Ay and € F

Theorem 7.2. Let (X,d) be a compact metric space and F,G : X — X be
two continuous operators.Suppose that m is a positive integer,Ay, As,.....,Ap

are nonempty subsets of X and X = J" | A; satisfying,
1. X =, is a cyclic representation of X between F and G

2. d(G(z),G(y)) < d(F(x), F(y)) — (I)(d(F(x), F(y))), for any = € A; and
y € A1 where Ay = Ay and € F

If the pair of operators (F,G) are weakly compatible on X then F' and G have

a unique common fixed point in X .
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Proof. Let xg
e X
Since G(A;) C F(A;1) for each i=1,2,3,....m and G(A,;,) C F(A;), there
exists x1 € A such that G(x¢) = F(z1)
On continuing the process, inductively we get a sequence x,, € X such that

G(zy,) = F(xy41) for each n=0,1,2....
If there exist ng € N with G(z,,+1) = G(xy,) = F(xp,11) and thus F and G
have coincidence point x;,,+1
Suppose that z,.1 # z,Yn=0,1,2....
We have to show that the sequence {d(F(z,), F(z,+1))} is a non increasing
sequence.
therefore for each n > 0 ,there exist i, € {1,2,3,...m} such that x,, 1 € A; 1
and z, € A; and,

d(F(zn), F(xn1)) = d(G(20-1), Glan))
< d(F (1), Flan) = @ (A(F (1), F(2,)))
< d(F(xp-1), F(z,)) for each n=0,1,2....

Hence {d(F(x,), F(r,+1))} is a non-increasing sequence of non negative real
and hence converges to a limit [ > 0.
Letting n — oo in the above inequality

< 1=l ®(d(F (@), F:1))) <1
and hence,

zz'mn%o@(d(F(xn), F(:cn+1))> ~0
Claim: [ =0
Suppose [ > 0
Since | = inf{d(F(x,), F(xp41)) :n € N'}
0<l<d(F(z,), F(x,.1)) for n =0,1,2,.... and since ® is non decreasing and

®(t) > 0 for t € (0,00)
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We get,

0<d() < CI)(d(F(a:n), F(:z:n+1))) for n =0,1,2,....
and hence letting n — oo,

0 < ®(1) < lim,, @ (A(F(@,), Fla,))
which is a contradiction , therefore [ = 0
Hence |,

limy oo (d(F(2y,), F(2p41)) =0
Since G(x,) = F(x,41) for each n =1,2,3,.....

inf{(d(F(z),G(x)) 2 € X} =0
Since the mapping X to R* defined by x +— d(F(z),G(x)) is continuous and
X is compact.
Therefore We can find v € X such that

(d(F(u), G(u)) = inf{(d(F(u),G(u)) : € X}

But (d(F(u),G(u)) =0

Hence F(u) = G(u) = z (say)
i.e, (F,G) has a point of coincidence.
Since (F, G) is weakly compatible,

G(z) = G(F(u))
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But @(d(z, G(z))) >0
Hence @(d(z, G(z)))
Since ¢ € F,
d(z,G(z)) =0
= G(2) =z
therefore G(2) = z = F(z)

0

Now we have to prove the uniqueness of fixed point.for that,
Suppose z and w are common fixed points of F and G.
Since X = [J"; 4; is co-cyclic representation of X between F and G,
We have z,w € (2, A
Therefore  d(z,w) = d(G(z), G(w))
< d(F(2), F(w)) - & (d(F(2), F(w)))
< d(z,w) — ®(d(z,w))
therefore ®(d(z,w)) =0
Sice ® € F,
d(z,w) =0
=z=w

Hence the result. []

e Note that if we choose F' = I, the identity map(which is weakly com-
patible) in the above theorem,then the theorem gives us the unique fixed

point of GG

Corollary 7.2.1. Let (X, d) be a compact metric space and G : X — X be
a continuous operator.Suppose that m is a positive integer,Ay , As ,....., Ap

are nonempty subsets of X and X =JL, A; satisfying:

1. X =, is a cyclic representation of X with respect to G
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2. d(G(z),G(y)) < d(x,y) — ®(d(x,y)), for any x € A; and y € A;11 where
Am+1 = A, and ® € F

Then G has a unique fixed point in X.
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Conclusion

In this project we have discussed about the theory of fixed point and theorems related to
the existence and properties of fixed point. We have also discussed about the two major
areas of fixed point theory , one is the contraction type mappings on complete metric
spaces and second one is the fixed point theory on continous operators on compact and
convex subsets of a normed space. Banach Contraction Principle , the fundamental
principle in the field of functional analysis is also discussed here. We have also gone
through the establishment of the extension of Banach Contraction Principle for weak
contraction mapping and even the co-cyclic representation.
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