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B. Sc. DEGREE (C.B.C.S.S)) EXAMINATION, OCTOBER 2016
SEMESTERV - MATHEMATICS
MATS5AA - ABSTRACT ALGEBRA

Time: ThreeHours Maximum Marks; 80
PART A

(Short Answer Questions)

Answer all questions. Each question carries1 mark.

The smallest non abelian group has ...elements.

How many proper subgroups are there for the Klein 4 group?
Wheat isthe order of & = (4,5)(2,3,7)in 557

Find the number of generators of a cyclic group of order 60.
Define an isomorphism.

State True or False: Z isasubfield of Q.

How many zero divisors doesthe field Z- have?
Defineadivision ring.

State True or False: Q isaidedl in R.

Define a quotient ring.
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(10x 1 = 10)
PART B

(Brief Answer Questions)

[I.  Answer any eight questions. Each question carries 2 marks.

11. List the edlements of the subgroups (3) and {(15) in Z44.
1 2 34 5 6

12.  Compute the products to and e if & = (-{ 1 45 6 2

o (1 2 34 5 6)
2 4 13 6 5/
13. Define binary operation on a set. Determine whether # defined by a = b = ¢, where ¢ 1s

the largest integer less than the product of a and b does give a binary operation on Z*.

14. Provethat a group has exactly one idempotent element.

15.  Show that Z,;has no proper nontrivia subgroups if p isaprime number.

16. Provethat an isomorphism maps inverses onto inverses.

17.  Show that every subgroup of an abelian group is 2 normal subgroup.

18. Prove that a group homomorphism @: 7 — & is a one-to-one map if and only if
ker(®) = {e}.

19. Find all solutions of the equation x* — 2x* — 3x = 0in Z,,.

20. Define unit element in a ring. Find all units in the ring Z x Z.

21. Provethat if R is aring with unity and N 1s an ideal of R containing aunitthen N = R.

22. Anéement of a.ring R is dempotent if a® = a. Show that adivision ring contains
exactly two idempotent elements.
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PART C
(Shott Essay Type Questions)
Answer any six guéstions. Each question carries 4 marks.

Which of the pegmutationsin S5 are even permutations? Give the table for the
aternating group A,

Let § be the set of all read numbers except -1. Definexon S bya «b = a + b + ab.
Show that (5,#) sagroup.

Prove that a subgroup of acyclic group is cyclic.

Prove that an infinite cyclic group G isisomorphic to the group Z of integers under
addition.

State and prove Lagrange’s theorem.

Define an integral domain. Prove that every field F is an integral domain.

If R 1s a ring with additive identity 0, then prove that forany a,b € R

1. Da=al =1(

2. a{=b) = (—a)b = —(ab)

3. (—a)(—=b) = abh.

Show that an intersection of idealsof aring K is again an ideal of K.

Show that afactor ring of afield is either the trivial ring of one element or is
isomorphic to the field.

(6% 4=24)
PART D

(Essay Type Questions)
Answer any two questions. Each question carries 15 marks.

Prove that no permutation of afinite set can be expressed both as a product of an even

number af transpositions and as a product of an odd number of transpasitions.

State and prove Cayley’s theorem.

State and prove Fundamental Homomorphism Theorem.

(@ Let R be a commutative ring and let a € R. Show that [, = {x € R| ax = 0} isan
idee] of R.

(b) Aneéement a ofaring R is nilpotent if a™ = 0 for somen € Z*. Show that the
collection of all nilpotent elementsin a commutative ring R 1s an ideal.

(2x 15 = 30)



